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ABSTRACT
CT colonography interpretation is difficult and time-consuming because fecal residue or fluid can mimic or
obscure polyps, leading to diagnostic errors. To compensate for this, it is normal practice to obtain CT data
with the patient in prone and supine positions. Repositioning redistributes fecal residue and colonic gas; fecal
residue tends to move, while fixed mural pathology does not.
The cornerstone of competent interpretation is the matching of corresponding endoluminal locations between
prone and supine acquisitions. Robust and accurate automated registration between acquisitions should lead
to faster and more accurate detection of colorectal cancer and polyps. Any directional bias when registering
the colonic surfaces could lead to incorrect anatomical correspondence resulting in reader error. We aim to
reduce directional bias and so increase robustness by adapting a cylindrical registration algorithm to penalize
inverse-consistency error, using a symmetric optimization.
Using 17 validation cases, the mean inverse-consistency error was reduced significantly by 86%, from 3.3 mm
to 0.45 mm. Furthermore, we show improved alignment of the prone and supine colonic surfaces, evidenced by a
reduction in the mean-of-squared-differences by 43% overall. Mean registration error, measured at a sparse set
of manually selected reference points, remained at the same level as the non-symmetric method (no significant
differences). Our results suggest that the inverse-consistent symmetric algorithm performs more robustly than
non-symmetric implementation of B-spline registration.
Keywords: virtual colonoscopy, CT colonography, prone-to-supine registration, non-rigid image registration,
inverse-consistent registration, conformal mapping, computer-aided diagnosis and interventions
1. INTRODUCTION
Robust and accurate registration of prone and supine colonic surfaces acquired during CT colonography may
lead to faster and more precise detection of colorectal cancer and polyps. Any directional bias when registering
the colonic surfaces could lead to incorrect anatomical correspondence resulting in diagnostic errors. Despite
this, non-rigid registration methods are often implemented asymmetrically, which could influence the registra-
tion result negatively. We aim to reduce directional bias and so increase robustness by adapting a cylindrical
registration algorithm to be both symmetric and inverse-consistent.
The problem of establishing spatial correspondence between the full colonic surface extracted from prone and
supine CT colonography acquisitions is a challenging one. Several algorithms have been proposed to align both
surfaces (e.g. [9, 15, 19, 13]). All these methods assume that registration is being performed with one image
(e.g. the prone) as the transformed or “floating” image and the other image (e.g. the supine) as the “reference”
image. Image registration then finds spatial correspondences between the reference and floating image. However,
computing these correspondences in just one direction might bias the registration result: i.e. such computation
might result in different spatial correspondences depending on the order of input images. Assuming there is a
unique anatomical correspondence between the prone and supine surface, this is undesirable. The result should
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ideally be identical when registering the prone to the supine colonic surface or the converse. Inverse-consistent
symmetry in the registration result, which is independent of the order of input images is preferable.
The amount of difference depending on the direction of registration can be measured by the inverse consistency
error (ICE). This measure was proposed by Christensen et al. [3] as an important criterion for evaluation of
non-rigid registration methods. A prone-to-supine registration method which aims to minimize ICE could lead
to improved registration accuracy and robustness by providing inversely consistent anatomical correspondence.
By constraining inverse-consistency in the registration, false local minima in the objective function might be
reduced. In such cases the registration might achieve better alignment using an inverse-consistent symmetric
approach. Using both forward (prone-to-supine) and backward (supine-to-prone) directions for registration may
encourage convergence towards the correct result. Symmetric image registration has been shown to reduce local
minima in the objective function and generally improves registration quality [2, 17].
2. RELATED WORK
Recent work that aims to remove directional bias in non-rigid image registration algorithms includes Symmetric
Normalization (SyN) [2] from the Advance Normalization Tools (ANTs∗) package and the approach proposed
by Vercauteren et al. [17], using demons-based registration. Bias introduced by the direction of registration
was recently shown to cause unrealistic estimation of statistical power when quantifying longitudinal atrophy
in structural MRI images [16]. We showed previously that using robustly matched features to initialise the
well-known non-rigid B-spline registration method [14] can reduce the inverse consistency error [12]. This gen-
erally increases the quality of the registration result. However, the standard B-spline registration algorithm
is not inverse-consistent and could therefore still bias the result negatively towards direction of registration.
In order to overcome this limitation, Christensen and Johnson [4] proposed an inverse-consistent image reg-
istration method using a 3-D Fourier series representation for parametrization of the forward and backward
transformations [1]. Feng et al. [5] modified the B-spline registration to minimize the inverse consistency error
by optimizing forward and backward transformations concurrently. However, their implementation does not
ensure one-to-one correspondence. Preservation of one-to-one correspondence was incorporated by Modat et al.
[10] using a Jacobian-based constraint. We follow this approach based on B-spline registration but modify the
deformation to occur in cylindrical space, taking advantage of the anatomical topology specific to the colon.
We concurrently optimise the prone-to-supine and supine-to-prone transformations to be inverse consistent and
symmetric. Furthermore, we penalize both transformations against folding and therefore encourage one-to-one
mappings. Assessment of our implementation is performed using a set of fully distended cases as well as cases
exhibiting local colonic collapse.
3. METHODS
3.1 Registration of prone and supine colonic surfaces
Our prone-to-supine registration method involves the conformal mapping of both colon surfaces derived from
the endoluminal segmentations to cylindrical representations. This mapping simplifies this challenging 3D regis-
tration problem to the problem of cylindrical registration in 2D. Initialization between the cylindrical images is
provided by robust feature matches of haustral folds between both views using a hierarchical B-spline approxima-
tion as proposed by Hampshire et al. [6, 7]. A non-rigid intensity-based registration based on the well-accepted
B-spline registration method is then used to establish correspondence in this cylindrical domain [13]. This is
achieved by minimizing the mean-of-squared differences (MSD) between both cylindrical images. Each cylin-
drical image contains curvature information of the local colon surface, measured using shape index (SI), which
has also been used to detect colonic polyps by computer-aided detection (CAD) methods for CT colonography
images [18].
In the case of local colonic under-distention in either prone and/or supine images, the collapsed region can be
ignored during non-rigid registration when computing the SSD similarity measure. This is an important feature
of prone-to-supine registration algorithms as luminal collapse is encountered commonly in clinical practice [8].
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3.2 Symmetric prone-to-supine transformation model
We implemented a symmetric formulation of a non-rigid B-spline image registration method in cylindrical space
in order to align the cylindrical representations of the prone and supine endoluminal surfaces. Our cylindrical
implementation is based on the open-source† software by Modat et al. [10]. A symmetric similarity cost function
measures the mean-of-squared-differences (MSD) between the prone and supine cylindrical images P and S,
using both the prone-to supine transformation Tps and the supine-to-prone transformation Tsp simultaneously.
This principle is illustrated in Fig. 1, where the colour indicates local SI values. Inverse consistency of the
transformation is encouraged by adding an appropriately weighted penalty term to the optimization function
(see Equation 2).
Figure 1. Symmetric prone-to-supine transformation model. The colour indicates the local shape indices.
A symmetric similarity cost function measures the mean-of-squared differences (MSD) between the prone and
supine cylindrical images P and S, using both the prone-to-supine transformation Tps and the supine-to-prone
transformation Tsp simultaneously:
MSDSym = − 1
NS
∑
~x∀S
[S (~x)− P (Tps (~x))]2 − 1
NP
∑
~x∀P
[P (~x)− S (Tsp (~x))]2 (1)
Both transformations are implemented in cylindrical space. In an ideal case, these transformations are the inverse
of each other, e.g. Tps = T
−1
sp and Tsp = T
−1
ps . However, this symmetric similarity measure alone does not ensure
that the registration is inverse-consistent. Additionally, one needs to modify the optimization function to include
a penalty term that encourages inverse consistency of both transformations. We follow the approach of Feng
et al. [5] using compositions of Tps and Tsp and add
PIC =
∑
~x∀S
‖Tsp (Tps (~x))‖2 +
∑
~x∀P
‖Tps (Tsp (~x))‖2 (2)
to the objective function being optimised. Furthermore, we include two more symmetric penalty terms PBE and
PJac in order to promote realistic deformations. The first term PBE causes a smooth transformation based on
bending energy:
PBE = 1
N
∑
~x∀S
(∣∣∣∣∂2Tsp (~x)∂x2
∣∣∣∣2 + ∣∣∣∣∂2Tsp (~x)∂y2
∣∣∣∣2 + 2 ∣∣∣∣∂2Tsp (~x)∂xy
∣∣∣∣2
)
+
1
N
∑
~x∀P
(∣∣∣∣∂2Tps (~x)∂x2
∣∣∣∣2 + ∣∣∣∣∂2Tps (~x)∂y2
∣∣∣∣2 + 2 ∣∣∣∣∂2Tps (~x)∂xy
∣∣∣∣2
)
.
(3)
The inverse-consistency penalty term PIC alone does not guarantee folding-free transformations as the inverse-
consistency error is constrained but will not be zero. Hence, we also add a second Jacobian-based penalty term
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PJac in order to encourage one-to-one mapping by preventing folding as in [10]:
PJac = 1
N
∑
~x∀S
[log (det (Jac (Tsp)))]
2
+
1
N
∑
~x∀P
[log (det (Jac (Tps)))]
2
(4)
Therefore, the function being optimised in the inverse-consistent symmetric registration scheme is:
O (P, S;µps, µsp) = (1− α− β − γ)×MSDSym + α× PBE + β × PJac + γ × PIC (5)
where µps and µsp are the control point positions defining the transformations Tps and Tsp. The parameters α,
β and γ are weights that control the influence of each penalty term. α+ β + γ need to be less than 1.
3.3 Optimization
We use a conjugate gradient ascent optimization in order to maximize the objective function of Equation 5. For
optimization, the gradients of O with respect to the control points µps and µsp are required:
∂O (P, S;µps, µsp)
∂µps
and
∂O (P, S;µps, µsp)
∂µsp
(6)
The analytical derivatives of the MSD similarity measure, bending energy PBE and the Jacobian-based penalty
term PJac have been defined in the literature [11]. The derivative of the inverse-consistency error penalty term
PIC can be computed using a two step approach as in [10]. Firstly, the ICE derivatives are computed at each
voxel position and then the derivatives are estimated at the control point positions of µps and µsp. This is
implemented by computing four displacement fields using composition:
−D1P (x) = x−Tps(Tsp(x)) where x ∈ P
−D2P (x) = x−Tsp(Tps(x)) where x ∈ P
−D1S(x) = x−Tps(Tsp(x)) where x ∈ S
−D2S(x) = x−Tsp(Tps(x)) where x ∈ S
(7)
A cubic B-spline kernel is then convolved with the computed displacements fields D1P and D2P in order to
produce a cubic B-spline parametrization of the transformation Tps while ensuring a cylindrical transformation.
The same is computed for Tsp using the displacements fields D1S and D2S . The gradient information at each
control point position µps and µsp can then be estimated using linear interpolation as in [10].
4. RESULTS
Registration parameters were tuned empirically on 8 well-prepared prone/supine CTC cases based on visual
assessment and assessment of registration error. This resulted in a 73% reduction in mean ICE, while keeping
similar registration accuracy compared to a standard asymmetric registration. Tuning resulted in the registration
weights α(PBE), β(PJac) and γ(PIC) in the objective function (5) being set to 1e−5, 1e−5 and 1e−3, respectively.
We found that these values for β and γ performed better in combination with the inverse-consistency penalty
(PIC), (using visual assessment), than the previously used weights of 1e−4 and 1e−4 for α and β respectively
(e.g. as used in [13]).
The following Table (1) shows the mean inverse consistency errors (ICE) before (1), and after (2), penalizing
for inverse consistency error using the symmetric registration approach in 17 prone/supine CTC sets (not used for
tuning), of which five were exhibiting local colonic luminal collapse and four were excluded from previous studies
due to marked differences in local distension and therefore different surface features (see [13] for more details).
Furthermore, registration accuracy is measured using 1743 pairs of reference points. These reference points
were manually selected between corresponding haustral folds by three experienced observers (two radiologists
(EH, AP) and one computer scientist (TH)) in consensus using virtual 3D fly-through renderings for navigation
through the prone and supine acquisitions; leading to 103 references points per case on average [6, 7]. These
reference points enable the computation of a fold registration error (FRE), measured as the Euclidean distance
between corresponding points.
In the validation set, the mean inverse-consistency error (ICE) was reduced by 86% from 3.3 (± 2.8) mm to
0.45 (± 0.16) mm using the proposed symmetric formulation. This reduction of ICE is significant (p < 0.001,
using a Related Samples Wilcoxon Signed Rank as for all tests of statistical significance applied in this study.).
The total mean FRE stayed at a similar value with 6.6 (± 3.0) mm when compared to the previous value
of 6.0 (± 1.9) mm. This change in registration accuracy was not significant for the 17 validation data sets (p =
0.78). However, the registration error was improved significantly in the set of eight well-distended cases from 4.9
(± 0.8) mm to 4.4 (± 0.7) mm (p = 0.017). Nevertheless, the total registration error is slightly worse because
of increased registration errors in the cases with a region of local collapse (patients 9-13) or large differences in
distension (patients 14-17).
Table 1. Mean inverse consistency errors (ICE), registration accuracy (FRE) and mean-of-squared-differences (MSD)
without (1) and with (2) using the symmetric approach for the validation set of 17 CTC cases. The locations of where
the colon is collapsed are given (DC: descending colon, SC: sigmoid colon).
Patient Collapse Collapse ICE1 ICE2 FRE1 FRE2 MSD1 MSD2
# in prone in supine [mm] [mm] [mm] [mm]
[×1e−2] [×1e−2]
1 none none 2.2 0.39 6.4 5.6 1.8 0.9
2 none none 1.7 0.34 5.4 4.8 2.0 0.9
3 none none 1.0 0.30 4.5 4.1 1.8 0.8
4 none none 1.4 0.30 4.3 3.9 2.1 1.0
5 none none 1.3 0.30 5.1 5.1 1.7 0.9
6 none none 1.1 0.30 3.6 3.1 2.2 1.1
7 none none 1.1 0.32 5.0 4.4 1.9 0.9
8 none none 1.2 0.32 4.9 4.5 1.7 1.0
Mean 1.4 0.3 4.9 4.4 1.9 0.9
Std. dev. 0.4 0.0 0.8 0.7 0.2 0.1
9 1×DC 1×DC 2.9 0.62 11.7 12.6 2.5 1.5
10 1×DC 1×DC 2.9 0.35 5.7 9.3 2.4 1.3
11 none 1×SC 11.0 0.68 5.0 7.3 2.5 2.1
12 3×(DC, SC) none 2.4 0.54 5.9 5.6 3.0 1.4
13 none 1×DC 2.3 0.45 5.4 5.0 2.9 1.7
Mean 4.3 0.5 6.7 7.9 2.7 1.6
Std. dev. 3.7 0.1 2.8 3.1 0.3 0.3
Previously excluded
14 none none 4.6 0.85 9.1 13.6 2.9 1.7
15 none none 6.2 0.58 7.8 7.3 3.0 1.6
16 none none 7.6 0.46 5.8 8.7 2.2 1.3
17 none none 5.7 0.55 6.8 6.8 2.5 1.3
Mean 6.0 0.6 7.4 9.1 2.7 1.5
Std. dev. 1.2 0.2 1.4 3.1 0.4 0.2
Total
Mean 3.3 0.45 6.0 6.6 2.3 1.3
Std. dev. 2.8 0.16 1.9 3.0 0.5 0.4
The advantage of using an inverse-consistent symmetric formulation however is illustrated in Fig. 2 via a
small section of the endoluminal colonic surface of one patient where no reference standard was selected. The
local squared-differences (SD) between the floating and the reference image pixels intensities is displayed before
(left) and after (right) penalizing for inverse-consistency. The vertical dimension of both images goes around
the circumference of the colon, while the horizontal dimension goes along the length of the colon. The MSD
was reduced in each of the 17 validation sets, with a total 43% reduction from 2.3 (± 0.5) ×10−2 to 1.3 (± 0.4)
×10−2. This is a significant reduction in MSD (p < 0.001).
Figure 2. Local squared-differences (SD) of registration result where no reference standard was provided. The SD
is measured between the floating and the reference image using the non-symmetric (left) and the inverse-consistent
symmetric approach (right). Reduction in SD indicates an improved registration (right).
5. CONCLUSIONS
An extension to the previous work of Feng et al. [5], Modat et al. [10] and Roth et al. [13] is presented which enables
inverse-consistent symmetric registration of prone and supine colonic endoluminal surfaces. Our transformations
(both prone-to-supine and supine-to-prone) are parametrized, using a uniform cubic B-spline in cylindrical space.
MSD is used as a symmetric similarity measure. The inverse-consistent symmetric formulation reduces bias
resulting from the direction of registration and has the potential to improve robustness and quality of the
registration result.
We showed a large reduction of directional bias by implementing a symmetric non-rigid registration in cylin-
drical space that penalizes inverse-consistency error. The proposed registration method generates an improved
visual alignment between the prone and supine colonic surfaces, as indicated by a highly significant reduction of
MSD between the prone and supine colon surfaces after registration. However, the registration error measured
at a sparse set of manually selected reference points remained similar to the non-symmetric method.
Due to feasibility issues, the registration error can currently only be assessed with this sparse set of reference
points as it is very challenging and time-consuming for radiologists to find corresponding locations between
prone and supine positions manually. Therefore, only a limited region of the colon surface can be assessed with
the reference standard we constructed. This is due to difficulties in finding accurate reference points when the
appearance of the colon is largely different (e.g. differing distension or segmentation errors). This means that
reference points are often not present in regions where the registration result has nevertheless improved visually
(as indicated by a reduction in MSD, as shown for example in Fig. 2).
On the other hand, the fact that only well-distended cases show an improvement in registration error might
indicate that a symmetric inverse-consistent registration is more dependent on good initialization (in our case
using the method by Hampshire et al. [6, 7]). Cases with collapsed regions or cases that exhibit large differences
in distension typically have less feature matches that can then be used for initialization. In the validation set
used, cases with collapse or large differences in distension had an average 80 feature matches compared with
an average 120 matches in the eight well-distended cases. If the initial alignment of the cylindrical intensity
images is inadequate, a symmetric registration might ‘pull’ in different directions depending on the direction
of registration. This will be penalized by the inverse-consistency term and can cause the registration to align
features poorly in these regions.
This indicates that the inverse consistency weight γ(PIC) was probably chosen too high for the cases exhibiting
local endoluminal collapse or marked differences in distension – this is likely to be due to over-fitting to the well-
distended cases that were used for tuning the registration parameters, these being the only ones available with
reference standard. Although the total registration error is slightly worse, the difference is in fact negligible when
compared to the uncertainty in identifying the exact locations of anatomically corresponding landmark points.
In conclusion, the highly significant improvement of inverse-consistency that has been demonstrated, together
with the accompanying stability of registration accuracy, provides a more robust and reliable registration method
– at least in well-prepared CTC cases. Information from both prone-to-supine and supine-to-prone directions
helps to enforce convergence towards a more accurate solution if a good initialization is provided. More robust and
accurate inverse-consistent symmetric registration in cylindrical space will likely facilitate improved interpretation
of CT colonography.
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